hep-th/0404242 



Unstable D-branes and String Cosmology* 

Chanju KiirQ 

Department of Physics, Ewha Womans University, Seoul 120-750, Korea 

Hang Bae Kin{| 
Department of Physics, Hanyang University, Seoul 133-791, Korea 



in 
o 
o 

(N 
C 

in 

m 
> 

O 

o 



CD . 
43 ■ 



X 



Yoonbai Kim, O-Kab Kwon, Chong Oh Leqj 

BK21 Physics Research Division and Institute of Basic Science Sungkyunkwan University, Suwon 440-746, Korea 

Cosmological implication of rolling tachyons is reported in the context of effective held theory. 
With a brief review of rolling tachyons in both flat and curved spacetimes, we study the string 
cosmological model with both tachyon and dilaton. In the string frame, flat space solutions of both 
initial-stage and late-time are obtained in closed form. In the Einstein frame, every expanding 
solution is decelerating. When a Born-Infeld U(l) gauge field is coupled, enhancement of e-folding 
of scale factor is also discussed by numerical analysis. 

PACS numbers: 



INTRODUCTION 



Rolling tachyons have been proposed for the descrip- 
tion of the homogeneous decay of unstable D-brane in 
terms of both boundary conformal field theory EI and 
effective field theory 0|. The role of rolling tachyons 
has been tested in cosmology Q, i.e., various topics in- 
clude inflation, dark matter, cosmological perturbation, 
and reheating H S B II II ll US • Though the tachyon 
driven cosmology is also a subject of string theory, the 
basic language is effective field theory of the tachyon and 
graviton. In this note, we will study the effects of linear 
dilaton from the bulk and Born-Infeld type electromag- 
netic fields living on the brane in addition to the two 
compulsory fields since the dilaton and Born-Infeld type 
gauge fields are natural in string cosmology. Another 
intriguing description of the rolling tachyons in (1+1)- 
dimensional string theory is the c = 1 matrix model 11], 
however the cosmology based on this language seems not 
realistic yet [l2|. 

The rest of this note is organized as follows. In section 
2 and 3, we review the rolling tachyons in both flat and 
curved spacetime. In section 4, we consider the cosmol- 
ogy driven by rolling tachyons in the context of string 
cosmology with dilaton. In section 5, we find all possible 
rolling tachyon solutions in the presence of Born-Infeld 
type electromagnetic fields. In section 6, cosmological 
implication of such electromagnetic fields is studied in 
relation with inflation. Section 7 is devoted to conclud- 
ing remarks. 



II. ROLLING TACHYONS IN EFFECTIVE 
THEORY 

Let us begin this section with recapitulating the rolling 
tachyon solution in the context of effective field theory 0] . 
Instability of an unstable Dp-brane is described by the 
effective action of tachyon T; 



<F +1 xV(T)yJ- det(77 M „ + d»Td v T) 
T p J d p+1 x V(T)y/l + , 



(1) 



where T p is tension of the Dp-brane. 

Since tachyon potential measures variable tension of 
the unstable D-brane, it should be a runaway potential 
connecting V(T = 0) = 1 and V(T = oo) = 0. For the 
case of superstring, Z2-symmetry around its maximum at 
the origin is assumed, V(T) = V(—T). Various forms of 
it have been proposed, e.g., V(T) ~ e~ T with different 
derivative terms from boundary string field theory EH 
or V(T) ~ e"l T l for large ITI in Ref. 0]. In this paper, 
we employ the form 0, El EH E3 



V(T) = 



cosh (g) 



(2) 



which connects the small and the large T behaviors 
smoothly. Here, R is v2 for the non-BPS D-brane in 
the superstring and 2 for the bosonic string. 

Most of the physics of tachyon condensation is irrele- 
vant to the detailed form of the potential once it satisfies 
the runaway property and the boundary values. So do 
the cosmological issues. On the other hand, there are 
also the noteworthy features with the 1/cosh potential 
(J2J in the effective field the ory : (i ) Exact solutions are 
obtained for rolling tachyon [jjj, and tachyon kink so- 
lutions on unstable T)p with a coupling of abelian gauge 
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the potential has been derived in open string theory by 
taking into account the fluctuations around ^S-brane 
configuration with the hi gher derivatives neglected, i.e., 
d 2 T = d 3 T = ■ ■ ■ = [Ull^. In addition, the obtained 
classical solutions of the effective field theory £Q can 
be directly translated to those of the linearized tachyon 
equation in open string theory described by BCFT, i.e., 
an effective tachyon field T(x) at on-shell and a BCFT 
tachyon profile t(x) has a one-to-one correspondence pll ] 



T ( x ) 
R 



sinh 



T(x) 
R 



(3) 



(iii) Among the tachyon soliton solutions in the effec- 
tive theory, various tachyon array solutions of codimen- 
sion one have been found, namely, those formed by pure 
tachyon kink-antikink |18l Il9l l23l |24| . tachyon kink- 
antikink coupled to the electro mag netic field [13, EH |25| > 
and tachyon tube-antitube pol l26j |. An interesting prop- 
erty of all these solutions is that the periodicity of the 
array is independent of any integration constant of the 
equation of motion only under Eq. Q |26(. This peri- 
odic property of the array configurations in the effective 
field theory is desirable if we wish to identify the array 
solution as a pair of D(p — l)D(p — 1) obtained from an 
unstable Dp-brane wrapped on a cycle in the context of 
string theory |H, EE IS3 

Let us discuss the rolling tachyon solutions in what fol- 
lows. Suppose a homogeneous configuration T(t). Then 
the Lagrangian density is given by 



c = -t p v(t)Vi-t 2 , 



(4) 



where the overdot ' denotes derivative of time. The con- 
jugate momentum density is 



n 



_ dC _ T p V(T)f 
and Hamiltonian density is given by 



h = Jn 2 + (T p vy 



(5) 



(6) 



Conservation of the Hamiltonian density dH/dt = 
{H,H}p.b. = leads to constant energy density 



H 



r p v 



which results in an integral equation 
dT 



1 



- (TO 



= t + constant. 



(7) 



(8) 



For the specific form of tachyon potential J2J), the integral 
equation JHJ yields [lfij 



sinh 



R 



(9) 



where a± are related to the initial conditions as 



a± 



i 

2 

Ti 



T l cosh(Ti/R) ± smh(Ti/R) 
= T(0) and Ti = T(0). 



(10) 



Due to time translation invariance and reflection symme- 
tries (T — T and t «-> —t), the rolling tachyon solution 
© is rewritten as a one-parameter family solution of £ 
in a simpler form 



sinh {T RTC (t)/R) 
smh(T is (t)/R) 
sinh (T RTS (t)/R) 



Artc cosh (t/R) for p <T P 
Aig exp (t/R) for p = T p 
Arts sinh (t/R) for p > T p 



where 




^(T p /Sf - 1 for p < T p 
1 for p = T p 

y/1 - (T p /£y for p > T p 



(11) 



(12) 



Note that there are also trivial vacuum solutions, T(t) = 
for p = Tp and T(t) = ±oo for p = 0. Therefore, 
through the relation J3J), the first rolling tachyon solu- 
tion of hyperbolic cosine form trtc/^? — sinh (Trtc/R) 
coincides with the bounce solution in BCFT y|, the sec- 
ond exponential solution ti s /R = sinh (Ti s /T{J for the 

critical value of energy density becomes the ^S-brane 
solution [2^, and the third rolling tachyon solution of 
hyperbolic sine form t R ts/R = sinh (T R ts/R) connects 
both vacua T = ±00 Q. 

With the application to cosmology in the next section 
in mind, we note the following facts which hold for any 
runaway tachyon potential: (i) The energy density p (JJJ 
is a constant of motion. At late time, it forces 



T 



T 



1. 



(13) 



(ii) Pressure P = T\/p is given by the Lagrangian density 
(0J so that it is negative and approaches zero as time 
elapses, which coincides with vanishing Lagrangian limit 



P = C = —T p V(T)v 1 — T 2 — -? 0. (14) 
From equation of state P — wp, we read 



-(1-T 2 ) = - 



r p 2 v(T(t)f 

P 2 



< 0, 



(15) 



where w — —T p 2 /p 2 at T = and w — > at T — > 00. 



III. COSMOLOGY OF ROLLING TACHYONS 

An attractable topic of the rolling tachyon is its appli- 
cation to cosmology as already indicated in lj . The sim- 
plest setting for the cosmology of the rolling tachyon is 
to assume a space-filling unstable D3-brane represented 
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by the field theoretic system composed of the graviton 
g^ LV and the tachyon T on the brane. Among various re- 
search directions, we will review the results of Ref. Q. 
The action is 



S = 



d A x, 



g^d.TduT 



(16) 

From the character of the tachyon potential in Eq. J3J, 
we immediately read a few intriguing consequences of the 
rolling tachyon cosmology. At initial stage of the rolling 
tachyon, there exists a cosmological constant V (T w 0) « 
1 so that one expects easily solutions of inflationary uni- 
verse. At late time T — > oo, we have tiny nonvanish- 
ing but monotonically-decreasing cosmological constant 
at each instant, which lets us consider it as a possible 
source of quintessence. Bad news for comprising a realis- 
tic cosmological model may be the absence of reheating 
and difficulty of density perturbation at late time due to 
disappearance of perturbative degrees reflecting nonex- 
istence of stationary vacuum point in the monotonically 
decreasing tachyon potential. 

For cosmological solutions, we try a spatially homo- 
geneous and isotropic but time-dependent configuration 



For the flat universe of k — 0, cosmological evolution 
is rather simple since both sides of Eq. (fTHf> are positive 
semi-definite. The second equation (|T§)) tells us that the 
expanding universe is accelerating at onset of T(t) ~ 
since the right-hand side of Eq. (|19() is also positive defi- 
nite. As time t goes, T exceeds \/2/3 so that expansion of 
the universe slows down and then finally the scale factor 

a(t) will halt as a(t) constant. This makes the sec- 
ond term of the tachyon equation (|2U[) vanish at infinite 
time so that we confirm T — > and T — > 1 as T — > oo. 



IV. STRING COSMOLOGY OF ROLLING 
TACHYONS 

In this section, we study the role of rolling tachyons in 
the cosmological model with dilatonic gravity |7j. In the 
string frame, flat space solutions of both initial-stage and 
late-time will be obtained in closed form. In the Einstein 
frame, we will show that every expanding solution in flat 
space is decelerating. 



A. String frame 



ds 2 = -dt 2 + a 2 (t)dn 2 k , T = T(t), 



(17) 



where <iO| corresponds, at least locally, to the metric of 
a sphere S 3 , a flat Space E 3 , or a hyperbolic space H 3 
according to the value of k = 1, 0, — 1, respectively. Then 
the Einstein equations are summarized as 



k 



n 2 %V(T) 



3 



«=4(, + 3P)4^s 

a b 3 «/i _ y2 

and the tachyon equation becomes 

f „d • 1 dV 



1 - -T' 



1-T 2 



3^T- 
a 



V dT 



= 0. 



(18) 



(19) 



(20) 



The tachyon equation (|2(Jfl is equivalent to conservation 
equation of the energy-momentum tensor 



P 
P 



-3-T 2 < 
a 



(21) 



which means that the energy density p is no longer con- 
stant but rather decreases in time. Since the pressure 
decreases rapidly to zero 



P = -T 3 V(T)Vl-T 2 



0. 



(22) 



the equation of state P = wp which is formally equivalent 
to the flat one l|15|) dictates w — > for the gas of tachyon 
matter. 



We begin with a cosmological model induced from 
string theory, which is confined on a D3-brane and in- 
cludes graviton g^ v , dilaton and tachyon T. In the 
string frame, the effective action of the bosonic sector of 
the D3-brane system is given by 

S = I d 4 x v / ^e- 2 *(^ + 4V„$V Al $) 

2k 2 J 

-T 3 J d^x^—g e"* V{T)JT+g~i^djTdJT ,(23) 

where we turned off the Abelian gauge field on the D3- 
brane and the second rank antisymmetric tensor fields 
Bfj, v both on the brane and in the bulk. 

For cosmological solutions in the string frame, we as- 
sume in addition to the metric ansatz (|17|) 



$ = $(*). 



(24) 



From the action Ij23(l , we read the equations in a simpler 
set by introducing the shifted dilaton <j> — 2$ — 3 In a 

2 -3ff 2 + 64 = 2n 2 e%aip T , (25) 
2(H - Hj>) + 4:^ = K 2 e%Jp T , (26) 
<p 2 - 24> + 3H 2 + 6^r = -K 2 e%Jp T , (27) 



f 1 , • • 1 dV 



(28) 



1-T 2 2 

where H = a/ a is the Hubble parameter, and tachyon 
energy density pr and pressure P T defined by T T % = 



4 



diag(— pr, Pt, Pt, Pt) are 
V(T) 



Pt 



\/\-f 2 



and P T = ~%V(T)Vl - f 2 , (29) 



which formally coincide with Eq. Q and Eq. (|14|) . In 

the absence of detailed knowledge of V(T), we will ex- 
amine characters of the solutions based on the simplicity 
of tachyon equation of state 



Pt = wtPt, wt = T — 1, 



(30) 



which is exactly the same as Eq. Ijl5(l . Note that \f—g, 
or a 3 is not a scalar quantity even in flat spatial geom- 
etry, the shifted dilaton <fi is not a scalar field in 3+1 
dimensions. The conservation equation is 



PT+~(3H-j>)f 2 pT 



0. 



(31) 



Now Eqs. (|25|) - l|T7|l and Eq. (J3UJ) are summarized by the 
following two equations 



2<jy - 4? + 2H<jy - 3H Z - 2H = -10- 



k 



(32) 



w T <j) 2 + 4H4> - 3w T H 2 - 4H = - (8 + 6w T ) — .(33) 

Let us consider only the flat metric (k = 0) in the 
rest part of the paper. If we express the dilaton <f> as a 
function of the scale factor a(t), (p(t) = <fi(a(t)), we can 
introduce a new variable ip such as 



ip = acj)' = — , 



(34) 



where the prime denotes the differentiation with respect 
to a, and the second equality shows that ip is the ratio 
between <p and H. Then Eqs. and are combined 
into a single first-order differential equation for ip: 



iaip' + (ip 2 - 3)(w T ip + 2-w T ) = 0. 



(35) 



From now on we look for the solutions of Eq. (|35|l . 
Above all one may easily find a constant solution ip — 
+V3 which is consistent with Eqs. I|25 |) -l(2*7 |l only when 
Pt = : 



a 

H(i) 



(t) = a (lTV3H t)^/^, 
Ho 



IT V3ff i' 
1±V3 



(36) 

ln(l T VSH t), (37) 



where H a = H(t = 0), a = a(t = 0), and $ = $(* = 
0) throughout this section. However, exactly-vanishing 
tachyon density = from Eq. I|25(l restricts strictly 
the validity range of this particular solution to that of 
vanishing tachyon potential, V(T) = 0, which leads to 
T = oo. The tachyon equation (|28|l forces T = and 



T = 1 so that the tachyon decouples (wt = Pt = 0). 
Therefore, the obtained solution H36fl -H37 [) corresponds to 
that of string cosmology of the graviton and the dilaton 
before stabilization but without the tachyon. 

Since it is difficult to solve Eq. l-iol) with dynamical wt, 
let us assume that wt is time-independent (or equiva- 
lently a(^)-independent) . We can think of the cases where 
the constant wt can be a good approximation. From the 
tachyon potential (J2J, the first case is onset of tachyon 
rolling around the maximum point and the second case is 
late-time rolling at large T region. In fact we can demon- 
strate that those two cases are the only possibility as far 
as no singularity evolves. 

When wt is a nonzero constant, Eq. I|35|l allows a par- 
ticular solution 



/ w T -2 

ip = = (3. 

wt 



(38) 



This provides a consistent solution of Eqs. H25fl -H27 [) 



a(t) = a (l + ^H ? - 
H(,)=ff„(l + !f±W 
*W = *o + ^^ln(l + ^±^ 



(39) 



wl + 2 



2wt 



t .(40) 



From Eq. I|25|l and Eq. H31J1 . the tachyon energy density 
Pt is given by 



Pr(t) 



2 — 2wt — w T 



x 1 + 



wl + 2 ^ 



2wt 



-H t 



(41) 



Since the obtained solution is a constant solution of ip, it 
has only three initially-undetermined constants. Specif- 
ically, the solution should satisfy <f> = [(2wt — 1)/wt]H 
so that the initial conditions also satisfy a relation $o = 
[(2wt — 1)/wt]Hq. Once we assume general solutions 
of a(£)-dependent ip with keeping constant nonzero u>t, 
they should be classified by four independent parameters 
(a , H , $o, *o) instead of three in Eq. ljI0"|l, 

According to the aforementioned condition for valid 
wt values, the obtained solution in Eq. (|40|l may be 
physically relevant as the onset solution of wt = — 1 
(ip = 3). In this case, pr(t) is reduced to a constant 
Pr{t) — 3e~*° Hq j k 2 . Comparing this with the defini- 
tion of pt in Eq. (|29|l . the initial Hubble parameter Ho 
is related to the dilaton as H = ±ne <s ' o/2 y / T 3 /3. Then, 
with T(t) = 0, the tachyon equation of motion is auto- 
matically satisfied and hence Eq. (|40|l becomes an exact 
solution of the whole set of equations of motion 
(|28p. Since the tachyon field remains as constant at the 
maximum of the potential, this solution describes the 
expanding or shrinking solution depending on the initial 
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Hubble parameter, with a constant vacuum energy cor- 
responding to brane tension due to tachyon sitting at the 
unstable equilibrium point. Note that the interpretation 
as expanding or shrinking solution needs to be more care- 
ful, since we are working in the string frame. Actually 
the behaviors are reversed in the Einstein frame as we 
will see in the next subsection. 

In order to study the behavior of the tachyon rolling 
down from the top of the potential, now we slightly per- 
turb this solution, i.e., look for a solution with nonzero 
but small T dependence. So we treat T as a small expan- 
sion parameter and work up to the first-order in T. Since 
the unperturbed solution satisfies 3H = $, the tachyon 
equation of motion (|28[1 becomes, to the first-order in T, 



T = - — 



1 dV 
V~dT' 



This can easily be integrated to 



1 -9 
2 



In V + constant 



T 2 
Sin 2 



constant, 



(42) 



(43) 



where we used the form of the potential near the origin 
©. Given the initial condition that T = T and t = 
at t = 0, we can solve this equation 1|43|) and obtain 



T(t) = T cosh at, 



(44) 



where a = 1/2 vm2. Therefore tachyon starts to 
roll down the potential as a hyperbolic cosine func- 
tion. Taking derivative, we find T = aTosinhai. The 
range for which T remains small is then t < t r = 
2Vln 2 sinh _1 (2\/ln 2 /To), during which the approxima- 
tion u>t — — 1 is good. Unless the initial value T is 
fine-tuned, the tachyon follows the onset solution JJOJ- 
(14 II) for t < t r and enters into rolling mode. 

For more general solutions, the first-order differential 
equation lj3*5|) can be integrated to 



C 



?A 2 -3 



(45) 



where C is an integration constant. Note that this al- 
gebraic equation does not provide a closed form of ip in 
terms of the scale factor a(t) except for a few cases, e.g., 
w T = 0,-l/(V3- 1/2), -2/(3\/3- 1). 

Fortunately, for the late-time case of vanishing Wt, we 
can obtain the solution in closed form 



V3^ 



V3/2 



C_ -2- 
1 a 



-V3/2 



c 4 



V3/2 



(no) 



V3/2' 



(46) 



Then the scale factor a and the dilaton $ are explicitly 
expressed as functions of time t by solving the equations 



a(t) = a 
H(t) 

= $o + hi 



C-t + 2 
C+t + 2 



1/V3 



{C-t + 2)(C+t + 2Y 

, (C_^ + 2)(^- 1 )/ 2 

'(C+t + 2)(v / 3+l)/2 



(47) 
(48) 



where C± = (3TV3)if - 
density px from Eq. (|23|l 

= C+C_e~ 



2$o- We also read the tachyon 



, o (C+t + 2)^- 1 )/ 2 

(C_t + 2)(v / 3+ 1 )/ 2 ' 



(49) 



Note that C± should have the same sign from the pos- 
itivity of the tachyon density (|49() . Let us first consider 
that both C+ and C_ are positive. When C_ > C+ or 
equivalently Hq > 0, the scale factor a is growing but sat- 
urates to a finite value such as a(oo) = ao(C_/C+) 1,/v ^ 
in the string frame. When C_ < C+, it decreases. When 
C_ = C+, iJo = so that the scale factor is a constant, 
a(t) = ao. For all of the cases, the dilaton $ approaches 
negative infinity. Note that wt — means late-time, 
the tachyon density decreases like px ~ 1/t as t — > oo. 
Consistency check by using Eq. (|31|l or equivalently by 
Eq. (|2"5|) provides us the expected result, T — * 1. If both 
C + and C_ are negative, there appears a singularity at 
finite time irrespective of relative magnitude of C+ and 
CL. 



B. Einstein frame 

In the previous subsection, it was possible to obtain 
the cosmological solutions analytically in a few simple 
but physically meaningful limiting cases. To study the 
physical implications of what we found, however, we need 
to work in the Einstein frame. In this subsection, we 
will convert the cosmological solutions obtained in the 
string frame to those in the Einstein frame and discuss 
the physical behaviors. 

First of all, let us rewrite the action 123|) in the Einstein 
frame of which metric is related to the string metric 



by a conformal transformation 



_ 2* E 

9fiv — e </„„ 



(50) 



Note that we abbreviate the superscript E for conve- 
nience in what follows. Then the action l)2.'iH is changed 
to 

S = 2^ /^v^^-SV^V^) 



g e J * V(T)Jl + e- 2 *V p TWT.(51) 
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Instead of deriving the equations from the action i|51|) , we 
obtain the same equations from Eqs. (|25|l - l|28|l by using 
the metric of the form 



ds 2 = 



-.2* 



(-dt 2 + a 2 (t)dn 2 k ), 



(52) 



and hence the time t and the scale factor a are related to 
those in the string frame as 



dt.. 



e*dt. 



(53) 



Note that in this subsection all the quantities are in 
the Einstein frame except the variables with subscript 
s which denote the quantities in the string frame. Then 
the Einstein equations for the flat case (k = 0) in the 
string frame l|25|) - (|26|l are converted to 



tt2 _ 1^2 , 1 L „2 a 3<S> „ 

H 3 3 PT ' 



H 



i2 1 2 * rW2 

-<P - -k e p T T . 



(54) 
(55) 



where tachyon energy density px and pressure Pt in the 
Einstein frame are obtained by the replacement T s — 
e"*T in Eq. 



Pt 
Pt 



V(T) 



-2*y2 



VT 

-%V{T)\Tl -e- 2 *T 2 , 



and thereby wt is given as 



wt = Pt I Pt — e 2 *T 2 — 1. 



(56) 



(57) 



Demanding constant wt is nothing but asking a 
strong proportionality condition between the dilaton and 
tachyon, T oc e* . Note that the pressure Pt as shown in 
Eq. I|29(l is always negative irrespective of both specific 
form of the tachyon potential (V(T) > 0) and the value 
of the kinetic term (e _2 *T 2 < 1), and the value of wt 
interpolates smoothly between —1 and 0. 

First we observe that the right-hand side of Eq. Ij54(l is 
always positive, which means that the Hubble parameter 
H{t) is either positive definite or negative definite for all 
t and it cannot change the sign in the Einstein frame. Let 
us first consider the case of positive Hubble parameter, 
H(t) > 0. Eq. H55fl shows H consists of two terms both 
of which are negative definite for all t. Since H > by 
assumption, the only consistent behavior of H in this case 
is that H vanishes as t — > oo, which, in turn implies that 
$ and ptT 2 go to zero, separately. It also means that 
H should be a regular function for all t. In order to find 
the large t behavior of H(t), one has to study e~*T in 
large t limit which appears in the definition of wt in the 
Einstein frame. Knowing that the functions are regular, 
it is not difficult to show that the only possible behavior is 
e~*T ^ 1 as i ^ oo after some straightforward analysis 
of Eqs. ljS3J-lO. Combining it with the fact that <j> 
and ptT 2 vanish, we can immediately conclude from 
Eq. I|54|) that H{t) should go to zero in large t limit. 



The asymptotic behavior of fields in case of the positive 
Hubble parameter can be found from the solution i|48|) 
since wt is essentially zero for large t as we just have 
seen above. The only thing to do is to transform the 
expressions in the string frame to those in the Einstein 
frame, using the relation (|53|l . Therefore, for large t, we 
find 

a(t s ) = a a (i.)e-*<**> 

I , V3 + 1 n/3-1 

- -a s0 e-*»(C + t s + 2)— (C_i s + 2) — , 



t = dt 



-<i> 



(C^t +2) ( ^ +1 ^ 2 
•->«-*» / dU { + s+ >, „ , .. . (58) 



(C_i s + 2)(v / 3-i)/ 2 



One can also identify the initial Hubble parameter Hq in 
terms of C± as 



1 - 4= ) C 

\/3, 



1 + 7t) c 



(59) 



Note that C± have the same sign as the Hubble param- 
eter H. Now, with C± > 0, one can easily confirm from 
the above equation (|58|l that all the functions indeed be- 
have regularly. In t s — > oo limit, a ~ t s and t ~ t 2 so 
that the asymptotic behavior of the scale factor becomes 
a ~ i 1 / 2 . This power law expansion in flat space is con- 
trasted with the result of Einstein gravity without the 
dilaton <&, where ultimately the scale factor ceases to in- 
crease, lim t ^oo a(t) — > constant. The behavior of tachyon 
density Pt can be read from Eq. I|49f) with t replaced by 
t s , which shows that pt ~ t -1 / 2 . Since wt also goes to 
zero, the fluid of condensed tachyon becomes pressure- 
less. Differently from ordinary scalar matter where mat- 
ter domination of pressureless gas is achieved for the min- 
imum kinetic energy (T — > 0) , it is attained for the max- 
imum value of time dependence (e~*T — > 1 as T — * oo) 
for the tachyon potential given in Eq. (J2J . 

When the Hubble parameter H is negative, the situa- 
tion is a bit more complicated. Since H < always, H 
becomes more and more negative and there is a possi- 
bility that eventually H diverges to negative infinity at 
some finite time. Indeed, it turns out that all solutions 
in this case develop a singularity at some finite time at 
which H — ► — oo and a — > 0. These big crunch solutions 
may not describe viable universes in the sense of observed 
cosmological data. Depending on initial conditions, the 
dilaton $ diverges to either oo or — oo and T goes to 
either oo or zero with the factor e _ *T remaining finite. 
It is rather tedious and not much illuminating to show 
this explicitly, so here we will just content ourselves to 
present a simple argument to understand the behavior. 
Since the tachyon field T rolls down from the maximum 
of the potential to the minimum at infinite T, it is phys- 
ically clear that T s — e~*T would eventually go to one 
unless there is a singularity at some finite time. Suppose 
that there appeared no singularity until some long time 
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had passed so that e~*T approached to one sufficiently 
closely. Then Eq. 1(581) should be a good approximate so- 
lution in this case. However, we know that both C± are 
negative when H < and Eq. H58fl is clearly singular in 
this case. We have also verified the singular behavior for 
various initial conditions using numerical analysis. 

As mentioned in the previous section, the tachyon T 
is decoupled when e _ *T = 1 and T — oo. In this decou- 
pling limit, characters of the Einstein equations (|54ll 15511 
that H 2 > and H < do not change so that all the 
previous arguments can be applied. Well-known cosmo- 
logical solution of the dilaton gravity before stabilization 
of the dilaton is 



a(t) = a (l + 3ff t) 1/3 , H(t) 
v3 



H 



1 + 3H t 



(60) 
(61) 



where the (±) sign in Eq. Ij61|l is due to the reflection 
symmetry (<3> <-> — $) in the equations H54(l - (|55|l . This 
solution can also be obtained throughout a transforma- 
tion (EU from Eqs. ^-^7^. For H < 0, it is a big 
crunch solution (a — > 0) which encounters singularity 
(H ->• oo, $ -> Too) as £ -> l/3|iJ |. For H > 0, it is 
an expanding but decelerating solution. Since a ~ i 1 / 3 , 
the power of expansion rate is increased from 1/3 to 1/2 
by the tachyonic effect as expected. 

So far we discussed generic properties and asymptotic 
behaviors of solutions in the Einstein frame. Now we 
consider the behavior at the onset. The solution ({40(1 
obtained by assuming constant wt is transformed to the 
Einstein frame as 



a(t) 



= a 



2(1 - wt) 

(wt - 2) 2 
f 2(1 -w T ) 



Hnt 



2(1-™ T ) 



Hnt 



2(2u; T -1) 



(62) 



where the initial Hubble parameter Hq is related to 
that in the string frame by Ho = e*°iJos(l — wt)/wt- 
Note that Hq and Hq s have opposite signs since wt < 
0. Therefore the expanding (shrinking) solution in the 
string frame corresponds to the shrinking (expanding) so- 
lution in the Einstein frame. For the onset solution with 
wt = — 1, the tachyon energy density pt is a constant 
as before, p T (t) = 3e~ 3<s>0 H^ /4k 2 . Then the initial Hub- 
ble parameter is given by H = ±2Ke 3 *°/ 2 -y/73/3, which 
describes the exact solution that tachyon remains at the 
origin as explained in section 2. Under a small pertur- 
bation tachyon starts rolling down according to Eq. 144|) 
with t replaced by t s . The rest of the discussion on the 
rolling behavior is the same as in the string frame and 
the details will not be repeated here. 

In conclusion the cosmological solution can be classi- 
fied into two categories depending on the value of the 
Hubble parameter H(t) in the Einstein frame. When the 
initial Hubble parameter Hq is positive, the solution is 



regular and the universe is expanding but decelerating 
as a(t) ~ \ft while e*^ vanishes. When Ho is negative, 
there appears a singularity at some finite time t at which 
the universe shrinks to zero. 



V. ROLLING TACHYONS COUPLED TO U(l) 
GAUGE FIELDS 

In this section we introduce the system of tachyon cou- 
pled to an Abelian gauge field of Born-Infeld type and 
find the most general homogeneous solution which turns 
out to be constant electric and magnetic fields together 
with rolling tachyon configuration j^, Il7| . 

The unstable flat Dp-brane system is described by the 
following Born-Infeld type action 

S = - T pJ dP+1 ' x V(T)^- dct (^ + d^TduT + F„„) , 

(63) 

where F^ v is field strength tensor of Abelian gauge field 
on the Dp-brane, F^ v = d^A u - dyA^. 
If we are interested in spatially homogeneous configu- 
rations of 

T = T(t), F la , = F lu ,(t), (64) 

then the proof in section 3 of Ref. 01 tells us that ev- 
ery component of the field strength tensor Fav should be 
constant in order to satisfy both Born-Infeld type equa- 
tions of motion for the gauge fields and Bianchi identity. 
Then the action l|63() is rewritten as 



S = -T p 



d p+1 xV(T)Jp p -a p0 T 2 



(65) 



where a p o is 00-component of the cofactor of matrix 
(X) + d p Td v T + F^ v 



(66) 
(67) 



a p0 = C m > 1, 
(3 P = -det^y +F I1V ). 



Since a p o is positive, reality condition of the action l|65() 
requires positivity of (5 P either. If we rescale the time 
variable t as 



t 



f 



\fa p oll3p ' 



(68) 



the form of action l)65|l becomes the same as that of the 
pure tachyon 



S 



dt / d p xV(T)\Jl-T 2 



(69) 



where T p = T p ^a p o and T — dT /dt. Subsequently, equa- 
tion of motion is given by the conservation of energy 
(Hamiltonian) density as given previously in Eq. Q 



p^ \^H= TpV{T) 



(70) 
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Therefore, the solution space of the rolling tachyons is 
unaffected by introduction of Born-Infeld type action and 
is exactly the same as that without electromagnetic fields 
except for rescaling of the time variable l|68|) . In addition 
to two trivial vacuum solutions, T = ±00 for TL = and 
T = for H = T p , there are three kinds of rolling tachyon 
solutions as given in Eq. Ijllfl 



sinh (T RTC (*)/#) 
sinh(Ti s (t)/i?) 

sinh {T RTS (t)/R) 



- lcosh(t/£) 
exp (t/0 
VI - u 2 sinh 0/C) 



for p < T p 
for p = T p , 
for p > T p 

_ (71) 

where u = Tp/p^/Pp' and ( = \/ 'a p o / ' j3 p R. 

The expression of energy-momentum tensor is given by 
symmetric part of the cofactor Cg" of (X)^, namely, 



TpV 



°S ■ 



(72) 



For general electromagnetic fields, both momentum den- 
sity T° l and off-diagonal stress components T y (i 7^ j) do 
not vanish. So we should perform Lorentz boost trans- 
formation and spatial rotation as have been done in the 
case of D3-brane and find the frame with vanishing 
Cg 7 (i ^ j) for sufficiently large T. For pure electric case 
with Fa = 0, we do not need such transformations since 



<0( 



Oand C S J = (i ^ j) |2£ 



(3 P = 1 - E 2 , a p0 = 1, 
If we choose the direction of electric field as x-axis as 
E = Ex, pressure components have 



T 2 . 



Tn = -p(l-T 2 ), 
Tp P = -p(\-E 2 - 



f 2 ) 



(73) 
(74) 



derived from the action (|75|l for the metric, the tachyon, 
and the gauge field are 



V 



(76) 



(77) 



(78) 



Cg V and Cpf are symmetric and antisymmetric parts 
of the cofactor of X^, respectively. Note that the 
derivatives in Eqs. I|77[) and l|78|) are ordinary deriva- 
tives, not covariant derivatives. The right-hand side of 
Eq. Ij76(l identifies the energy-momentum tensor to be 
T» v = T 3 VC^/y/gX. 

Let us consider the time-dependent spatially homoge- 
neous configuration of tachyon T(t) and field strength 
tensor Fn V (t). The configuration is not in general 
isotropic due to the non-vanishing gauge field. Due 
to Bianchi identity d^F^x) = 0, specifically d$Fij 1 



diFjo + djFoi 



0. 



spatially homogeneous Fio imply 
In general F^o can have 
time-dependence in time-dependent background geome- 
try. First, we consider = and the electric field 
directs to x p direction, Fio — ESi p . In accordance with 
our choice of field configuration, we take the following 
metric ansatz 



that Fij are constant in time 



The equation of motion forces T — > ±Vl — E 2 so that 
all the pressure components vanish for large T except the 
component parallel to the fluid of fundamental strings, 
i.e., Tn ^ 0. Note that the time scale, C = R/Vl - E 2 , 
is enlarged as the electric field approaches critical value, 
|E| — > 1~. Cosmological implication of this time scale 
change may appear as prolongation of inflation period, 
which will be discussed in the next section. 



VI. COSMOLOGICAL IMPLICATION OF U(l) 
GAUGE FIELDS ON UNSTABLE D-BRANE 



ds 2 = -dt 2 + a(t) 2 (dx( H h dXp_ t ) + b(t) 2 dx 2 . (79) 



Then X^ is 



X„ 



(- 


-1 + T 2 


• 


• 


-E\ 







a 2 ■ 


• 










• 


• a 2 





\ 


E 


• 


■ 


b 2 J 



(80) 



and its cofactor C Miy is given by 



We consider the Born-Infeld type effective action de- 
scribing an unstable Dp-brane system of tachyon and 
abelian gauge field coupled to (p-l-l)-dimensional grav- 
ity 



5' 




det(<? Mi , + d^Td u T + F^). 



(75) 

We introduce the notations X^ = g^ u + dpTd v T + 
F^ v and X = det(X^ u ). Then the equations of motion 



/ a 2 ^b 2 

-a 2t >P-Vb 2 (l-f 2 - E 2 












a 2(P-l)£ ^ 




- a 2 (P~ 2 )& 2 (l-T 2 -£ 2 ) 

_ a 2(p-i)(!_r2) J 



(81) 
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where we introduced a new variable E* = E/b. For the 
above homogeneous configuration, Einstein equation H76|) 
becomes 



(p- 


l)(p- 


2) 


a 2 




2 




a 2 


(p- 


2)(P- 


3) 


a 2 




2 




a 2 


(p- 


1)(P- 


2) 


a 2 




2 




a 2 



+ (p-l)--=K%p, 

a b 

, d 6 , . a & 
+ (p-2)- I + (p-2)- + - 



(82) 



= K % p ( 1 - T z - El ) , (83) 
a 



M/; lp = « 2 T p p(l-T 2 ) 



where we defined the energy density function 

V(T) 
1 - T 2 - E 2 



(84) 



(85) 



From Eqs. ( or directly from = 0), we can 

derive an energy-momentum conservation equation 



d b \ ■ o d 9 



(P-1)- + T T +2-S 
a b I a 



P = 0. 



(86) 



We try to solve the above equations with the tachyon 
potential J2J for appropriate initial conditions and exam- 
ine the evolution of the scale factors a and b, the tachyon 
T and the electric field E. 

For numerical analysis, it is more convenient to use the 
variables 



a L = \oga, &*i = logl-l, 
T E t 



(92) 



instead of a, 6, T, E and t. Using the relations a/ a = &l, 
a/a = cll + d 2 , and b/b — cll + we rewrite four 
equations we used for numerical study 

(p - 1)5l + ^P(P - l)d| = K 2 T p i? 2 p(l - T 2 ), (93) 



pdi&» 



-k T p R pE 2 , 



(94) 



(i - r 2 ) r» + (1 - t. 



(p - l)a L ( 1 - T 2 - £ 2 J + (d L + 6*x) 
1 dU(T s 



2 £f 



V(T*) t£T» 



= 0,(95) 



The tachyon equation l|77|l and the gauge field equation 
(EEJ) are 



dt 



(pT) 



x d b 

(P-1)- + T 

a o 



l-T 2 -E 2 ^ = Q, 
(87) 



(P- 1)- - 7 

a o 



p£ = 0. 



Using Eq. (|86(l . we rewrite them as 



T 



(p-1)- 1-T 



£ 2 ) 


6 

+ 6< 


1 -T 2 




-< 


v 1 dU 
' VdT 



T 



E 



(p-i)^O 

a V 



E = 0. 



(90) 

The distinction between the scale factors a and 6 comes 
from the existence of uniform electric field along x p - 
direction. We can make it manifest by deriving the equa- 
tion for 6* ee b/a from Eqs. ljg2"|) - (jgl|) 



6* 



d 6* 



b* a 6* 



(91) 



E., 



(p - l)di ( 



I - T 2 - El J - (di + 6*l)T 2 J = 0. 

(96) 

The evolution time scale is determined by two param- 
eters R and n 2 T p R 2 and initial conditions. In our numer- 
ical study, R is the unit of time and we take k 2 T p R 2 = 1 
for convenience. 

Let us turn to the discussion about initial condi- 
tions. The initial state of the system are specified by 
three parameters T(0) ee T h T(0) ee f u and E(Q) = 
Ei, which fix the initial energy density to be p(0) = 



E 



i — 



Pi. We can choose a(0) 



6(0) = 1 by coordinate rescaling. The time deriva- 
tives d(0) and 6(0) are constrained by the Einstein equa- 
tion. Assuming that d(0) = 6(0) for simplicity, we have 
d(0) = y / 2p t /p(p — 1) from Eq. In terms of aj,, 6*l, 
, and E* , above initial conditions correspond to 



a L (0) = 0, d L (0) = y/2 Pi /p(p-l), 

K L (0) = k L (0) = 0, (97) 

T(0) = T t , f(0) = fi, E40) = Ei. 

We showed the numerical solutions for p = 3 case in 
FIG. 1 and FIG. 2. The general behavior is that as the 
universe expands the electric field vanishes quickly and 
tachyon rolling dominates in the end. This occurs in a 
few e-foldings of scale factor for moderate initial condi- 
tions, as shown in FIG. 1. We can also think of rather 
extreme initial conditions. In FIG. 2, we showed the so- 
lution for tiny value of Tj and Tj and nearly critical value 
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FIG. 1: A numerical solution with initial conditions Ti = 
Ti — 0.1, Ei — 0.8. In upper figure, solid and dashed lines 
are e-foldings of scale factors a and b, respectively. In lower 
figure, the solid line is T and the dashed line is E/b. 

of Ei. Near the top of the potential, the existence of crit- 
ical electric field gives a rapid expansion due to the huge 
energy density it has. However the electric field itself dies 
exponentially and the final c-folding of scale factor seems 
not very significant, unless serious fine tuning is involved. 
For example, we obtained about 5 additional c-foldings 

in FIG. 1 from a fine tuning of yjl - ff - Ef = 10~ 5 , 
compared to the case Ei = 0. The existence of critical 
electric field is not more helpful than the fine tuning of 
initial values of tachyon field as far as inflation is con- 
cerned. 



VII. CONCLUDING REMARKS 



Though we have dealt with the cosmological solutions 
I 1 I 1 I 1 I 1 I 1 I 




10 20 30 40 50 

t/T 

FI G. 2: A solut ion with fine tuned initial condition Ti = Ti — 

\J 1 — Tf — Ef = 10~ 5 . Solid and dashed lines are same as 

FIG. 1. Dotted lines are e-folding of scale factor a and T, in 
the case of Ei = with same T and Ti. 

without spatial dependence, such solutions with both 
time and spatial dependence should be studied in rela- 
tion with cosmological density fluctuation. As a viable 
source of density perturbation, various stable D-branes 
of codimension-onc or -two or composites of D-branc- 
fundamental string have been proposed as static configu- 
rations H3 because of the absence of perturbative 
open string degrees after the decay of unstable D-brane. 
Until now, on the cosmological density perturbation due 
to tachyon, there exist both bad news like causti cs p 
and recent good news based on numerical analysis 31]. 



In this paper we have discussed a few topics of tachyon 
driven cosmology based on cosmological time-dependent 
solutions so-called rolling tachyons describing the homo- 
geneous decay of unstable space-filling D-brane. In re- 
lation with the issue of inflation, it seems unlikely to 
provide sufficient e-folding by any runaway tachyon po- 
tential. Addition of linear dilaton or Born-Infeld electro- 
magnetic fields is not enough to prolong sufficiently the 
period of inflation without a fine-tuning. 
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